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Abstract
We consider a simplified model of particles with effectively distance de-
pendent statistics, that is particles coupled to a gauge field the Lagrangian
of which contains the Chern-Simons term. We analyze the low-lying states
of the two-particle system and show that under certain conditions they can
exhibit negative compressibility, hinting on a possible a` la van der Vaals
picture.
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It is well known that particles coupled to a Chern-Simons gauge field in (2+1)
dimensions undergo an effective change of statistics, i.e. become anyons [1, 2]. A much
more practical situation is that when the gauge field Lagrangian is a sum of the Chern-
Simons term and of other term(s) of non-topological nature. In this case there is always
a characteristic scale of length and the behaviour of the particles is different depending
on whether they are close to each other or far away on this scale. In the two limiting
cases they behave like anyons but with different values of the statistical parameter. By
virtue of this it makes sense to speak about effective “distance dependence of statistics”
for such particles [3]. This distance dependent statistics emerges in various models, the
simplest examples being Maxwell-Chern-Simons electrodynamics [4, 5] and the Dorey-
Mavromatos model for high-Tc superconductivity [6].
In a previous work [3] the two-body problem for particles with distance depen-
dent statistics was considered, special attention being paid to the high-temperature
behaviour. It was shown that in a semiclassical approximation a general formula for
the second virial coefficient of such particles could be derived, which gives in the limit-
ing cases the result of Ref.[2] for anyons. In this letter we will study the same system
in the low-temperature regime, putting the emphasis on the ground state, and show on
a simplified model that under certain conditions states with negative compressibility
can arise, hinting on a picture similar to the one with the van der Vaals gas.
Thus, we consider a conserved current jµ coupled to a gauge field Aµ, the total
Lagrangian being
L = L0 + 1
2
αǫµνλAµ∂νAλ −Aµjµ, (1)
where L0 depends on Aµ and its derivatives. The corresponding field equations read
Qµ + αǫµνλ∂νAλ = j
µ, (2)
where Qµ = ∂ν (∂L0/∂(∂νAµ))−∂L0/∂Aµ. In accordance with these equations, a static
charge in the origin,
jµ = eδµ0 δ
2(~r), (3)
gives rise, in general, to an electric field (due to Qµ) as well as to a magnetic field (due
to ǫµνλ∂νAλ). If L0 does not depend explicitly upon time and polar angle ϕ, which is
a natural assumption, then the solution of (2) with the right-hand side (3) depends
only on r. In the Lorentz gauge therefore one has Ar ≡ 0. The temporal component
A0 corresponds to a usual charge-charge interaction, screened in the presence of the
Chern-Simons term and in any case irrelevant to statistics. The angular component
may always be written as
Aϕ(~r) = −∆(r)
er
. (4)
The function ∆(r) possesses clear physical meaning: Φ(r) = −2π
e
∆(r) is the magnetic
flux created by the charge through the circle of radius r. Therefore in any real model
the above-mentioned function is continuous and its limit values
∆0 = ∆(0) , ∆∞ = ∆(∞) (5)
1
are finite. If ∆(r) = const (this is the case if L0 = 0), Eq. (4) describes the conventional
Aharonov-Bohm potential, making the particles effectively anyons. In the general case,
there is always a characteristic distance scale d, which is essentially the size of the
magnetic field cloud created by the charge, so that ∆(r) may be replaced by ∆0 (∆∞)
if r ≪ d (r ≫ d).
According to common quantum mechanical rules, the Hamiltonian of the relative
motion of two particles is
H˜2 = p
2
r
m
+
[pϕ +∆(r)]
2
mr2
+ V (~r), (6)
V (~r) being the mechanical interaction potential. If the latter is central, then the
angular part of the relative wave function is separated as usually,
Ψ˜ = exp(iℓϕ)χ, (7)
and the levels Eℓn (ℓ is the angular momentum, n the radial quantum number) are
determined from the equation for the radial part
H˜ℓ
2
χ = Eℓnχ, (8)
where
H˜ℓ
2
=
p2r
m
+
[ℓ+∆(r)]2
mr2
+ V (r), (9)
p2r = −∂2/∂r2 − (1/r)∂/∂r, and ℓ is even (odd) for bosons (fermions).
For arbitrary ∆(r) and V (r) Eq.(8), naturally, cannot be solved exactly. The exact
solution is available, in particular, when the effective potential energy in (9),
U ℓ(r) ≡W ℓ(r) + V (r), (10)
W ℓ(r) being the centrifugal energy (the second term in (9)), takes the oscillator form,
U(r) = U0 +
M2
mr2
+
mΩ2r2
4
. (11)
Then the ground state energy is
E0 = U0 + (M + 1)Ω, (12)
and the classically accessible region lies at both sides of the point r0 =
√
2M/mΩ,
which is the minimum point of U(r), and has the width ∆rc = 2/
√
mΩ. With regard
for this let us consider the case of a harmonic external potential:
V (r) =
mω2r2
4
. (13)
If ∆(r) = const then U ℓ(r) has just the form (11) with U0 = 0,M = |ℓ + ∆|,Ω = ω.
One gets then
Eℓ
0
= (|ℓ+∆|+ 1)ω, (14)
2
and the ground state is that one for which the quantity |ℓ +∆| is minimal (it is then
certainly not more than unity). This picture corresponds to anyons. It is a good
approximation when ω is such that ∆(r) is almost constant (more precisely, varies
by a value much less than unity) in the region where the probability density for the
distribution of r differs considerably from zero, that is, in a region of the width of the
order ∆rc with the center in r0. This is deliberately the case if all this region lies either
at r ≪ d or at r ≫ d (that is, if either |∆(r) − ∆0| ≪ 1 or |∆(r) − ∆∞| ≪ 1.) In
the intermediate situation, when 1/
√
mω ∼ d, the variation of ∆(r) in the classically
accessible region is a value of the order |∆′(d)|·d. Since ∆(r) changes from ∆0 to ∆∞
within a region of the width again of the order d, the value under consideration is,
generally speaking, of the order |∆∞−∆0|. Smallness of this compared to unity would
mean that ∆(r) is almost constant everywhere. So far there is the simple conclusion:
The particles behave like anyons when they are at a distance either much more or much
less than the size of the cloud; at intermediate distances such behaviour takes place
only in the trivial situation when the statistics weakly depends on distance.
Now we proceed to consider the general case. In order to carry on the analytical
treatment, we introduce the simplified model (called “extended anyons” in Ref.[7]) with
∆(r) =


D r
2
d2
, 0 ≤ r ≤ d,
D , r ≥ d.
(15)
The physical meaning is obvious: With each particle a magnetic field is associated,
uniformly distributed within a circle of radius d the center of which is the position of
the particle. One gets ideal anyons in the limit d→ 0. The function U ℓ(r) for 0 ≤ r ≤ d
has the form (11) with
U0 = Gℓ , M = |ℓ| , Ω =
√
G2 + ω2 , (16)
where
G = 2Dξ , ξ =
1
md2
, (17)
and still the same form for r ≥ d but with
U0 = 0 , M = |ℓ+D| , Ω = ω . (18)
Consider the behaviour of the ground state with the following assumptions: 1) the
particles themselves are bosons; 2)D ≫ 1; 3) δ ≡ D mod 2 < 1 (the latter is exclusively
for simplifying the formulas). The derivative of the centrifugal energy W ℓ(r) is
W ℓ
′
(r) =
2[ℓ+∆(r)]
mr2
{
∆′(r)− ℓ+∆(r)
r
}
(19)
and, naturally, is discontinuous in the point r = d. For ω ≪ ξ one has anyons with
statistical parameter δ ; the ground state corresponds to ℓ = −D where D = D − δ is
the entire part of D, and has the energy
E0 = (1 + δ)ω. (20)
3
The external parameter of the system is 1/ω (for the oscillator, 1/mω is the area
occupied by the system, up to a constant factor), and the corresponding external force
(pressure) is
p = ω2
∂E0
∂ω
; (21)
in the case at hand
p = (1 + δ)ω2. (22)
For ω ≪ G, when D(∆rc)2/d2 ≪ 1, one has bosons, the ground state of which is that
with ℓ = 0, its energy is
E0 = ω, (23)
and the corresponding pressure is
p = ω2. (24)
Now let us take the intermediate case. At −D ≤ ℓ ≤ 0 the function U ℓ(r) has a
minimum in the region 0 ≤ r ≤ d, and the energy of the corresponding state may be
found upon substituting (16) into (12):
Eℓ
0
= Gℓ+ {|ℓ|+ 1}
√
G2 + ω2. (25)
But for this state to exist really it is necessary that the whole of the correspondent
classically accessible region be situated at r ≪ d. This is the case for |ℓ| ≪ D, and in
particular for ℓ = 0, when the expression (25) reaches its minimum,
E ′
0
=
√
G2 + ω2, (26)
but not for |ℓ| ≃ D. With this latter option one has
W ℓ(d) = ξ(ℓ+D)2,
W ℓ
′
(d− 0) ≃ 4Dξ(ℓ+D)/d,
W ℓ
′
(d+ 0) = −2ξ(ℓ+D)2/d.
(27)
The question is when U ℓ(r) may have a second minimum at r >∼ d, which a state with
energy less than E ′
0
would correspond to. If ω is small enough so that mω2d/2 <∣∣∣W ℓ′(d+ 0)∣∣∣ , then the minimum exists at r > d, and the corresponding energy is
(|ℓ+D|+1)ω; this is the above-mentioned case of anyons at large distances. If ℓ+D > 0,
then W ℓ
′
(d− 0) > 0 and there can be no other minima except for the two mentioned
ones. But if ℓ+D < 0 and
∣∣∣W ℓ′(d+ 0)∣∣∣ < mω2d/2 < ∣∣∣W ℓ′(d− 0)∣∣∣ , then a minimum at
r = d exists, which is a cusp point at the same time. The energy of the corresponding
state is minimal for minimal |ℓ+D| and under the condition ξ2 ≪ ω2 ≪ Gξ it equals
E ′′
0
=
mω2d2
4
+ χ(ω) =
ω2
4ξ
+ χ(ω), (28)
where χ(ω) is the heigth of the level above the minimal value of U ℓ, which, as is easy
to estimate using the uncertainty relation, is proportional to ω4/3ξ−1/3 and because of
4
ω ≫ ξ is a small correction. Since ω2 ≪ Gξ, the ground state energy is E ′′
0
, because
E ′′
0
< E ′
0
. The pressure is
p ≃ ω
3
2ξ
. (29)
Choosing, for example, ω2
1
∼ Gξ ·
(
ξ
G
)1/4
, one has p1 ∼ Gξ ·
(
G
ξ
)1/8 ∼ Gξ ·D1/8. Now
let Gξ ≪ ω2 ≪ G2; then the ground state energy will be E ′
0
∼ G, and the pressure
p ≃ ω
3
√
G2 + ω2
≃ ω
3
G
. (30)
For ω2
2
∼ Gξ ·D1/4 one will have p2 ∼ Gξ ·D−1/8. Thus, ω22/ω21 = D1/2 and at the same
time p2/p1 = D
−1/4. A situation arises which is similar to the one with the van der Vaals
gas: When the area is being decreased (the frequency increased) the pressure decreases
in a certain region. When ω2 ≪ Gξ, the ground state is E ′′
0
and the mean distance
between the particles is of the order of d = 1/
√
mξ ≫ 1/√mω, and when ω2 ≫ Gξ,
the ground state is E ′
0
and the distance is of the order of 1/
√
mG ≫ 1/√mω. When
passing from the first regime to the second one the particles undergo a “condensation”.
In other words, the interaction of the particles takes the character of a strong attraction.
Apparently it has to lead to the same effect of “condensation” for theN -particle system,
which demands a special consideration.
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